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Guorui Wei 120034910021
(School of Oceanography, Shanghai Jiao Tong University, Shanghai 200030, China)

Abstract: A moving control volume is a region that does not have to follow the motion of the
fluid. The Reynolds transport theorem (RTT) for a moving control volume is an extension of
Leibniz's theorem for integrals with parameters in high-dimensional cases. The basic results of fluid
mechanics including the volume derivative formula. RTT can unify the understanding of the two
methods of describing fluid motion - Lagrangian description and Eulerian description. The
continuity equation of an incompressible fluid is that the divergence of the flow velocity is 0. The
state of seawater The equation is nonlinear. TEOS-10 is based on the Gibbs function formula, and
all thermodynamic properties of seawater (density, enthalpy, entropy sound velocity, etc.) can be
derived in a thermodynamically consistent way. Using TEOS-10 to calculate seawater state
parameters such as potential temperature and density, First, the field temperature of seawater and
the salinity defined by the practical salt scale are converted into "Absolute Salinity" and
"Conservative Temperature" according to the TEOS-10 specification. The programs and documents
used in this article are published at https://grwei.github.io/SITU_2021-2022-2-MS8402/.

Keywords: Reynolds Transport Theorem, Fluid Kinematics, Continuity Equation, Equation
of State, TEOS-10
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AR ] B[R] AR A S Bl A — Se A L B 4
IR FARIZE B ()P F 7 ¥i——Lagrangian ik (/Jmﬁ-‘fﬁ"i AW D) A Bulerian & (37
FIRE D IR AR E N (Kundu et al., 2016, p. 82)
Flr(t;x,, t,),f] = F(x,f) whenx = r(f;x,,f,) (3:2)
HF @IEEhE, MEsisksE. hite XK FE (naterial, substantial, or particle
derivative), ' f& Lagrangian fii8 T F X0/ (A1) 42 540, FF0TF HIH Bulerian #5148 T %1
A (p.83):

DF dF DF dF dF
ﬁ = E—F u-VF,o Dt af + uja_x{ (3.5)

ARG TR A TR R,

Kundu et al. (2016) 5| ANFEIEHIE (Control Volume, CV) KIS, S T H iz E
P (Reynolds transport theorem, RTT). Hi I H] 45— % A F ik 757510 fﬁﬁﬁ:.

RTT Hlik K 2 sz il OB R R AR A0 BT el & B BRI [a] (A A 2. IR
b, RESL T AR BRI XA S SR BN X SR S F5 b, A
TEHCEHTIRAE (R4 etal, 2019, p.315) sPEibd—4E RTT, A2 FHNIRSS TR
SEE

EEISL3I(BLETREER) &/f(x,y) [ (x,y) ERAEH [a,b] x [c,d]

biEL 0N I(y) = ’.'./'(.\‘,\ Ydx f£[c,d] LT, F B AE[c,d] L

di(y :
) = f f.(x,y)dx.

dy
F1 Leibniz EIE
fE"_fE|§ 1.4 3% f(x,y) ,f(x,y) #AEHAEH a,b] x [c,d] E&i&E 4 FH, X%
a(y),b( {'+|r l/] T FRE,HL a < 11(_\') < bha < '()') < b, W & L

b(y)

F(y) :J f(x,y)dx
fHle,d] LT §, B E[c,d] EiiL

hiv)

F'(%) :[ f(x,y)dx + f(b(y) ,y)b'(y) - flaly),y)a'(y).

Leibniz & #I7E 4. =4 T, (REZELMNFIEMEEIE (Reynolds transport
theorem, RTT). Kundu et al. (2016) ME EAR ™ Hgs H THES (pp. 99-103), HEER R
d [ OF(x.t) _
5 / F(x,)dV = / v+ / F(x, £)b-ndA. (3.35)
V*(t) V() A*(t)
AP R E SURT B (Fig3.20). IXFF, Lagrangian &A1 Eulerian 18, 53 7X M
T (335 b =u0MIHE. Wi, WFAREIRITEACRERRTY, MHZ2% 0.
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FIGURE 3.20 Geometrical depiction of a control volume V*(t) having a surface A*(t) that moves at a nonuniform
velocity b during a small time increment Af. When At is small enough, the volume increment AV = V*(t +At) — V*(f)
will lie very near A*(f), so the volume-increment element adjacent to dA will be (bAf)-ndA where n is the outward
normal on A*(f).

M RTT (3.35) ik, WI3RAG— LB BHER. i, 72 (3.35) HHLF = 1,|V*| =8V - 07,
RE

1d
811/1%+WE8V =V-b. (1)
FIFH (D, £ (3.35) HHL|V*| =8V - 0%, 5tf53] RTT Mo %
d—an—F+(b-V)F. ()
dt ~ at

72 (1) I b = u, F13 2 AR BE B BUZ P S0 AR S . 72 (2)
B b = u, EERIMERSH AR, B~ “the Eulerian representation of the Lagrangian derivative
as applied to a field.” (Vallis, 2017, p. 5)

JiAh, RE— (1982) ME K, HES T4 . RICHIBEIAFH (1982a, pp. 135-138)
AR, T AR IO BER S0 (1982b, pp. 479-484). IXULLE LRI —4E RTT LA
2 TS T IHES, 1540 Green, Gauss, Stokes A2 Newton-Leibniz 2 ZU1E B 4E T
TE TR

KT RTT (3.35), 3 Vallis (2017, pp. 3-7) FIZ%—~ (1982a, pp. 135-138) MK, WE
HriE

dF 1 d&v

d j d
< Fdef —(F8V)=j (—+F——)6V

—f (dF+FV b)dV—j oF v br))av
V*(t) dt V*(E) at

oF
=f —dV+f Fb-ndS.
V*(t) at A(t)

FEHES AR T (1) (2) . IXAHESIIRAERC: B, SRR SCEgs T, 012,
RLZAR XM ITEA IR R A
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1. For a fluid volume, show that % f, pav=J, = % qy.

2.2 BRAR
#ERTT (3.35) #HLb =0 34

d
dtj FdV = f a—dV 3)
BERT, B XIR V) E'*IETJUEIEE’H sH#A (Control Volume, CV). H5i E, EsguEs)

5 PR GE R =Y R T B

3 ¥2/
3.1 [ElEEHEA

2. Use the following configuration for a domain in the ocean, derive the vertical velocity w at
50 m (assuming incompressible fluids and w=0 at surface) based on the continuity equation.
Hint: you can obtain the horizontal velocity at points A, B, C and D first, and then use these
values to compute the horizonal divergence at point E.

165° W 160° 155°
30°N
u=-0-25 u=-025
S P E——— A <———'
v=0 v=-0-0l
Sy =
54x105m c O D 250
E
v=0:03 v =0:-05
- ‘———» B *——-b
u=030 u=0-25
, . 20°

8x=5x10° m = 500 km
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WA LR, s ey, A EE R RIS 1 £ 4.
B, ﬁﬁfa%‘rﬁa‘aﬁﬁﬂ' AZED R E’»J7J<¥?ﬁi®f§3ﬁ-

—(u )| W _( )‘

(w,9); = (W),
1 v = 1 v)| =
P T e —

0w v) E ~—(—(u,v)\ + 2 uw) ).

o
()| = ( ) +—(uv)\>

fe: D i;’MZIS?\jTTEéﬁE’L T A 3 45 7?%5
ou Jdv oOw _ _

(u,v)3 — (W, v),
Sx ’

(w,v); — (W, v)3
Sy )

2) IKFRIELE z J7 ) EAAE, B
d
a—Z(u,v) =0.
M, E & bJ7z =z \mERE
Zow
we() =ws@) + [ 5|
0
0 d
=w(0) = (_1; + a;)
E

RNEHE, 3 B £ 50 KR TE HE wg (—50) = —6.67 X 1076 (m/s).

4 LI

“ TEOS-10 is based on a Gibbs function formulation from which all thermodynamic

dz

d ) fz (au N 617)
zZ=Ww — —+—
E o \dx  0y/l;

properties of seawater (density, enthalpy, entropy sound speed, etc.) can be derived in a
thermodynamically consistent manner. TEOS-10 was adopted by the Intergovernmental
Oceanographic Commission at its 25th Assembly in June 2009 to replace EOS-80 as the official
description of seawater and ice properties in marine science.” (http://www.teos-10.org/index.htm)
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3. There are two sites in the ocean, A and B. The distributions of temperature (C°) and
salinity (%o) with pressure (P, dbar) at these sites are shown in the following table.

Site-A Site-B

P S T S T

0 35.10 28.50 33.50 2.50
20 3499 2845 33.50 3.74
40 3488 28.35 34.25 4.02
60 34.78 24.55 34.55 4.10
80 3468 2275 34.65 4.15
100 3460 20.55 34.74 4.20
200 3445 1550 34.90 4.30
250 3435 13.00 35.10 4.35
500 3425 6.58 35.23 4.25
1000 3453 4.20 35.40 3.75

1) Calculate density with the linear Equation of State (EOS) as shown below, and plot the
density profiles separately for A and B.

P = Po [1 = Br(T = Tp) + Bs(S — So) + Bp(p — P())]

where py = 1027 kg m*, f7=0.15 kg m C°!, Bs=0.78 kg m™ %o™!, Bp=4.5 kg m dbar!,
and p,=0 dbar,

2) Use the Thermodynamic Equation of Seawater — 2010 (TEOS2010) (matlab or python
packages are available at Github, named as “Gibbs Sea Water (GSW)”) to compute the
density again, and plot the profiles on the figure drawn in 1) to make a comparison between
the density distributions obtained from linear and nonlinear EOS.

4.2 MRRFR

BHARIR W E e Ees IR M “EREE T Wi E . A IR R 4EI (in-situ)
WP, 0 “ERPE” BT SEH B AR (psw), WZ44EH] TEOS-10 (McDougall etal., 2011) i,
e BN Absolute Salinity (TEOS-10) 1 Conservative Temperature (TEOS-10), 1X 75 Z i
A B LA B, SR H HARIEML. Sk, FE B R GEAR ) “mEE” M “ T B
fi# N Absolute Salinity (TEOS-10) F1 Conservative Temperature (TEOS-10).

g 2t EOS A NBIPA/NER. AE AR A0

p =po—PBr(T —Ty) + Bs(S —So) + Bp(® — Po),
Horpr po 1679 11 TEOS-10 7€ p = 0 AbiH545 2 1) % LA, B, MU SONTE JFR 1 5 AL 1R
LA 1000, Br, Bs, By MIFELLIREA RAZ L.

Kl 4.1 eIl 7 SR EOS TR S5 RN, mT W4t EOS A TE B AL

fit 5 TEOS-10 [AHIT, T7E A AbLL TEOS-10 (% B2 THE 25 Rl (i b VR BE )
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%% hwl.m

% Description: MATLAB code used in homework 1 (MS8402, 2022 Spring)
Author: Guorui Wei (&%) (313017602@qq.com; weiguorui@sjtu.edu.cn)
Student ID: 120034910021

Created: 2022-02-27

R R R X

5 Last modified: 2022-03-06

%% Initialize project

clc; clear; close all

init_env();

%% Question 2

<
1]

[-.25,-.25,.25,.30]; % [m/s]
v = [0,-.01,.05,.03]; % [m/s]

delta_x = 5e5; % [m]

delta_y = 5.4e5; % [m]

%

uwrt_x = (u(2)-u(1)+u(3)-u(4))/(2*delta_x); % [1/s]
v_wrt_y = (v(1)-v(4)+v(2)-v(3))/(2*delta_y); % [1/s]

w = @(z) -(u_wrt_x+v_wrt_y)*z; % [m/s]
fprintf("w(-50) = %.2d cm/s\n",w(-50)*100);

%% Question 3

%

site A.p = [0,20,40,60,80,100,200,250,500,1000]."'; % [dbar]

site_A.SA =

[35.10,34.99,34.88,34.78,34.68,34.60,34.45,34.35,34.25,34.53]."; % [g/kg]
site A.CT = [28.50,28.45,28.35,24.55,22.75,20.55,15.50,13.00,6.58,4.20]."; %
[deg C]

site_B.p = site_A.p; % [dbar]

site_B.SA =

[33.50,33.50,34.25,34.55,34.65,34.74,34.90,35.10,35.23,35.40]."; % [g/kg]
site_B.CT = [2.50,3.74,4.02,4.10,4.15,4.20,4.30,4.35,4.25,3.75]."; % [deg C]
p_i = (site_A.p(1):1:site_A.p(end)).'; % specific query points at which the

interpolated SA_i and CT_i are required [ dbar ]
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%% Figure.

t_TCL = tiledlayout(1,2,"TileSpacing","tight","Padding","tight");
%

site_ A = hwl 3(site_A,p_i,t TCL,1,"\bf Site A");

site_ B = hwl _3(site_B,p_i,t TCL,2,"\bf Site B");
%

xlabel(t_TCL,"density (kg/$\rm{m}*3$)","Interpreter", 'latex');

ylabel(t_TCL,"pressure (dbar)","Interpreter",'latex"');

[t_title t,t title_s] = title(t_TCL,"\bf 2022 Spring MS8402 Hwl Q3","Guorui
Wei 120034910021","Interpreter", 'latex');

set(t_title_s, 'FontSize',8)

%
exportgraphics(t_TCL,"..\\doc\\fig\\hwl_Q3.emf", 'Resolution', 800, 'ContentTyp
e','auto’', 'BackgroundColor', 'none', 'Colorspace', 'rgb")
exportgraphics(t_TCL,"..\\doc\\fig\\hwl_Q3.png", 'Resolution', 800, 'ContentTyp

e','auto', 'BackgroundColor’', 'none', 'Colorspace', 'rgb")

%% local functions

%% Initialize environment

function [] = init_env()

% set up project directory

if ~isfolder("../doc/fig/")

mkdir ../doc/fig/

end

% configure searching path

mfile fullpath = mfilename('fullpath'); % the full path and name of the
file in which the call occurs, not including the filename extension.

mfile_fullpath_without_ fname = mfile fullpath(l:end-
strlength(mfilename));

addpath(genpath(mfile_fullpath_without_fname + "../data"),

genpath(mfile_fullpath_without_fname + "../inc")); % adds the

specified folders to the top of the search path for the current MATLAB®
session.

end

%% Question 3

function [site_struct] =

hwl_3(site_struct,p_i,t_TCL,num_Tile,textbox_string)
%% hwl_3
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% Description.
arguments
site_struct
p_i
t_TCL
num_Tile = 1
textbox_string = "\bf Site"

end

site_struct.p_i = p_i; % specific query points at which the interpolated
SA_i and CT_i are required [ dbar ]

[site_struct.SA i,site_struct.CT_i] =

gsw_SA CT interp(site_struct.SA,site_struct.CT,site_struct.p,p_i); % SA and

CT interpolation to p_i on a cast

%%k% 1. Use TEOS-10 to compute the density.

% NOTE: Since the location of site A & B is not provided, I have to let SA,
CT

% (TEOS-10) be SP, t, and therefore the results here should not be correct.

site_struct.rho_TEOS_10 =

gsw_rho CT_exact(site_struct.SA,site_struct.CT,site_struct.p); % Calculates
in-situ density from Absolute Salinity and Conservative Temperature.
site_struct.rho_i TEOS_10 =

gsw_rho CT_exact(site_struct.SA_i,site struct.CT_i,site_struct.p_i);

%%% 2. Calculate density with the linear Equations of State (EOS).

rho_@ = site_struct.rho_TEOS_10(1); % [kg/m"3]
beta_ T = 0.15; % [kg/m”*3/(deg C)]
beta_S = 0.78; % [kg/m*3/(g/kg)]
beta_p = 4.5e-3; % [kg/m”~3/dbar]

func_rho_linear = @(T,S,p) rho_© - beta_T*(T-T(1)) + beta_S*(S-S(1)) +
beta_p*(p-p(1));

site_struct.rho_linear = func_rho linear(site_struct.CT, site_struct.SA,
site struct.p);

site_struct.rho_i linear =

func_rho_linear(site_struct.CT_i,site struct.SA i,site_struct.p_i);

%Xk plot

%
t_Axes_TEOS = nexttile(t_TCL,num_Tile);
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t_plot_1 = plot(t_Axes_TEOS,site_struct.rho_i TEOS_10,site_struct.p_i,'-
',"color", '#0072BD', "DisplayName", 'TEOS-10");

hold on

t_plot_2 =

plot(site_struct.rho_TEOS_10,site_struct.p,'."',"color", '#0072BD"', "MarkerSize
",10,"DisplayName","'");

set(t_Axes_TEOS, "YDir", 'reverse', "TickLabelInterpreter", 'latex',"FontSize",1
9, 'Box', 'off',"XColor", '#0072BD"',"YColor", '#0072BD");

%

t_Axes_linear = axes(t_TCL);

t_Axes_linear.lLayout.Tile = num_Tile;

t_plot_3 = plot(t_Axes_linear,site_struct.rho_i linear,site_struct.p_i,'--
','Color', "#D95319"',"DisplayName", 'LEOS");

hold on

t_plot_4 =
plot(site_struct.rho_linear,site_struct.p, 'o',"MarkerSize",4, " 'Color', '#D9531
9',"DisplayName","'");

set(t_Axes_linear, 'YDir', 'reverse', 'FontSize',10, 'TickLabelInterpreter', 'lat
ex', 'XAxisLocation', "top', 'YAxisLocation', 'right', 'YTickLabel',{}, 'Box"', 'off
','Color', "'none', 'XColor"', "#D95319", 'YColor', '#D95319", 'YLimitMethod', 'tight
)

%

linkaxes([t_Axes_TEOS,t_Axes_linear], 'xy');

legend([t_plot_2,t plot_4],["TEOS-10","Linear

EOS"], "Location", 'southwest', 'Interpreter', 'latex',"Box","off");
annotation('textbox',[.36+0.48*(num_Tile-

1) .68 .10 .06], 'String',textbox_string, 'LineStyle', 'none', 'FontWeight', 'bol

d', 'Interpreter','latex"');

end

A.2 FIEFF

KA T https://github.com/grwei/SITU_2021-2022-2-MS8402.
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